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Abstract

The propagation!mode\ compacted!powder\ gasless combustion synthesis of intermetallics is modeled through a
combined three!scale\ particle!level:specimen!level treatment[ The specimen!level treatment is based on the local volume!
averaged conservation equations for species and energy[ The particle!level treatment considers a uniform temperature\
the formation of products through a di}usion!controlled heterogeneous reaction\ and allows for melting of the product
assuming a distinct interface between the phases[ The extent of conversion to the _nal product depends on the local
availability of the reactants and through a statistical model and assuming that the interparticle mass transfer resistance
is very large\ it is determined a priori from the powder particle!size distribution[ The in~uence of the particle!size
distribution on the ~ame structure and the propagation speed is determined using the reaction rate of an average!size
particle and also the ensemble average of the reaction rates experienced by particles of di}erent sizes[ In a follow!up
article "Part II#\ the results of these models are compared with each other and with experimental results[ Þ 0887 Elsevier
Science Ltd[ All rights reserved[

Nomenclature

Asa specimen peripheral area ðm1Ł
cp speci_c heat capacity ðJ kg−0 K−0Ł
D diameter ðmŁ
DAÐC binary di}usivity of species A ðm1 s−0Ł
D9 di}usion pre!exponential factor ðm1 s−0Ł
f particle size distribution function
F fraction
hsa heat transfer coe.cient between specimen and ambi!
ent ðW m−1 K−0Ł
i speci_c enthalpy ðJ kg−0Ł
ðkŁ e}ective molecular thermal conductivity
ðW m−0 K−0Ł
ðkrŁ e}ective radiant thermal conductivity
ðW m−0 K−0Ł
l unit!cell characteristic length ðmŁ
M molecular weight ðkg kmol−0Ł
n¾ ls volumetric melting rate ðkg m−2 s−0Ł
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n¾ r volumetric reaction rate ðkg m−2 s−0Ł
N number of classes in the discrete particle size dis!
tribution function
r radial coordinate ðmŁ
R radius ðmŁ
Rg universal gas constant ðJ kmol−0 K−0Ł
t time ðsŁ
T temperature ðKŁ
u velocity ðm s−0Ł
V volume of unit!cell ðm2Ł
Vs volume of specimen ðm2Ł
x axial coordinate ðmŁ
Y mass fraction[

Greek symbols
DEa\D di}usion activation energy ðJ kmol−0Ł
Dir speci_c heat of combustion ðJ kg−0Ł
Dils speci_c heat of melting ðJ kg−0Ł
Dim speci_c heat of mixing ðJ kg−0Ł
o porosity
n number of moles ðkmolŁ
r density\ mass concentration ðkg m−2Ł[
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Subscripts
a ambient
ad adiabatic
A species A
B species B
c converted
C species C
e e}ective
f formation
F combustion front
g gas phase
i species i
l liquid!phase
m mixture
n nonreacted
r reaction\ reacted\ radiation or radial
s solid phase\ specimen
sa between specimen and ambient
0 transformed coordinate[

Superscripts
AÐC di}usion layer
9 standard state "pure component#[

Other symbols
* ensemble average
ð Ł local volume!averaged
ð Łi local phase!volume averaged[

0[ Introduction

Combustion synthesis from compacted powders can
be performed under the uniform "or explosion# mode or
the propagation mode[ In the propagation mode\ the
specimen is ignited at one end and a combustion wave
travels through it converting the reactants to products[
Here we consider the binary mixtures whose reactions are
su.ciently exothermic such that the propagation occurs
unaided "in contrast to the chemical!oven technique# and
no substantial amount of gas is produced or participates
in the reaction "i[e[\ gasless#[ Reviews on combustion
synthesis are presented by Munir ð0Ł\ Merzhanov ð1Ł\ and
Varma and Lebrat ð2Ł\ among others[ This method has
been used to produce ceramics\ intermetallics\ cermets\
and composites[

It has been observed experimentally that complete con!
version may not occur and various intermediate phases
may be formed ð0Ð2Ł[ Also\ the maximum temperature in
the combustion region may be substantially below the
adiabatic equilibrium temperature[ The lack of complete
reaction is related to the heterogeneous nature of the
polysize\ multicomponent particle mixture "a}ecting the
heat transfer\ di}usion\ and phase transformation#\ but

the extent of the in~uence of the various mechanisms on
the conversion to the _nal product\ is not yet completely
understood[

The modeling of combustion synthesis requires
descriptions at the specimen and particle scales[ At the
specimen scale\ the axial heat transfer\ the volumetric
heat generation\ and the peripheral heat losses\ determine
the axial temperature distribution[ The volumetric heat
generation depends on the particle!level mass transfer\
reaction rates\ and phase transformations[ The kinetic of
these intraparticle processes depends on the temperature
and chemical composition[ The chemical composition
is a}ected by species di}usion and by the interparticle
availability of reactants[ This local "i[e[\ interparticle#
stoichiometry may di}er from the specimen!level average
stoichiometry because of the inherent heterogeneity of
the medium which increases in the presence of a particle
size distribution[ The interaction between specimen!level
and particle!level processes determines the _nal micro!
structure\ including the composition and distribution of
product phases and the amount of reactants remaining[
The mechanical and morphological transformations dur!
ing the combustion synthesis ðe[g[\ the formation and
destruction of porosity "i[e[\ consolidation#\ the mech!
anical stability of the compacts during reaction\ and the
products mechanical and metallographic propertiesŁ are
not treated here[ The modeling of these processes would
require additional thermomechanical descriptions[

In previous modeling e}orts\ the specimen!level trans!
port has been modeled using the local volume!averaged
conservation equations and e}ective properties for
energy and chemical species transport "i[e[\ macroscopic
continuum models#[ The local thermal equilibrium
hypothesis is used and the local chemical nonequilibrium
results in product formation[ The thermal e}ect of the
chemical reactions is accounted for in the energy equation
through the volumetric energy generation term "or
through the total enthalpy if an enthalpy formulation is
used#[ The volumetric reaction rate has been described
either through a specimen!level kinetic model or through
a particle!level di}usion model[ In the specimen!level kin!
etic models\ the particle!level reactions are either treated
as homogeneous ð3Ð6Ł or heterogeneous and di}usion
limited ð3\ 7\ 8Ł[ In the particle!level di}usion models\ a
unit!cell model is developed and solved simultaneously
with the specimen!level equations ð09Ð07Ł[ Phase change
has been included in the heat of reaction ð3Ł\ directly
through the enthalpy form of the energy equation ð5\ 04Ł\
or using the phase!equilibrium conditions at the particle!
level ð06\ 07Ł[ The liquid phase has been assumed to
wet the solid phase "wettability is related to chemical
reactivity# and to redistribute locally\ i[e[\ engul_ng the
solid particles ð02Ð04Ł[

At the particle!level\ the di}erences between the vari!
ous unit!cell models are related to the di}usion process
and the route assumed for the formation of the _nal



A[A[M[ Oliveira\ M[ Kaviany:Int[ J[ Heat Mass Transfer 31 "0888# 0948Ð0962 0950

product[ The equilibrium0 approach ð06\ 07Ł assumes that
atomic interdi}usion of the initial elements occurs and
the product formation follows phase!equilibrium con!
ditions "i[e[\ phase diagram#[ The kinetics of phase
nucleation is assumed su.ciently fast and all the phases
present in the phase diagram are formed[ If the required
temperature is maintained and su.cient elapsed time is
allowed\ conversion to the specimen!level stoichiometric
product is made[ The nonequilibrium models assume sim!
pli_ed di}usion processes "which can be viewed as e}ec!
tive di}usion processes#\ and postulate the product for!
med ð3\ 09Ð04Ł[ The unit!cell models allow for a more
detailed account of the di}usion and for the inclusion of
phase nucleation and transformation mechanisms and
ultimately for a more complete treatment at the particle
level[ Another advantage of the unit!cell models is the
ease of inclusion of particle size and particle!size dis!
tribution e}ects[

The e}ect of the powders particle!size distribution has
not yet been analyzed in detail[ Makino and Law ð08Ł
and Armstrong ð01Ł have accounted for the e}ect of a
bimodal particle!size distribution in the reaction rates[
Aldushin et al[ ð19Ł considered the e}ect of the particle!
size distribution assuming that the conversion to _nal
product is complete "adiabatic equilibrium condition#[
They have shown that the nonuniform particle!size dis!
tribution does not a}ect appreciably the preheat region
and the reaction front\ but delays the complete con!
version to the _nal product "because the di}usion in the
larger grains requires longer elapsed times#[ The _nal
stages of the combustion process is expected to be in~u!
enced by any heat losses\ which then would enhance the
e}ect of the particle!size distribution[

Here\ a volume!averaged\ specimen!level treatment
along with a di}usion!reaction\ nonequilibrium particle!
level model is developed for binary systems[ The model
considers the formation of a single compound at the
interface of the two reacting components[ Local thermal
equilibrium is assumed\ the liquid phase is considered
static\ and the combustion front is assumed one!dimen!
sional and propagating uniformly[ Two mechanisms for
the e}ects of the particle!size distribution are considered[
First\ since the chemical reaction is di}usion controlled\
particles with di}erent sizes experience di}erent reaction
rates and temperature evolution[ This in~uences the
specimen!level temperature distribution and propagation
speed\ as shown by Aldushin et al[ ð19Ł[ The second
mechanism is related to the local availability of the reac!
tants[ Due to the variation in particle size\ it is possible
to _nd regions that are rich in one of the reactants[ Once\

0 The term equilibrium model is used in a di}erent context
than that of the structural macrokinetics theory as reviewed by
Merzhanov ð1Ł[

melted\ the low melting!temperature reactant has the
potential to spread over the other reactant particles[
However\ the distance separating the melt!rich regions
from the melt!lean regions may be su.ciently large\ thus
preventing the timely migration of the melted reactant[
In this case\ total product conversion is not achieved\
unless the liquid migration is enhanced "e[g[\ by capil!
larity# or a large elapsed time at elevated temperature is
allowed ð10Ł[ This large di}usion!length e}ect may be
signi_cant even for small particles because of nonuniform
mixing and agglomeration[ Here\ the nonuniform par!
ticle!size distribution is treated statistically and incor!
porated into the model[

The objective here is to develop a model capable of
predicting the conversion to the _nal product and cap!
turing the characteristics of the combustion front\ i[e[\
the maximum temperature and the propagation speed[ A
temperature form of the energy equation is used with
the goal of providing a direct comparison with simpler
models "i[e[\ premixed!type combustion models#[ The
model is developed for systems with a specimen!level
stoichiometry rich in the low!melting temperature reac!
tant and when the melting temperature of the high!melt!
ing temperature reactant is above the maximum tem!
perature in the combustion zone[ The extension to other
stoichiometries requires additional considerations[ The
presentation is as broad as possible\ but use is made of
assumptions that simplify the mathematical treatment
and allow for the analysis of the important physical and
chemical mechanisms[ The titaniumÐaluminum system is
used as an example\ but the model applicability is not
restricted to this system[

In the following\ an overview of the model is presented
showing the connection between\ the specimen!level and
the particle!level treatments[ Next\ the specimen!level
conservation equations and the thermodynamic con!
siderations are presented[ Then the particle!level model
is presented\ which incudes the interparticle!di}usion
problem and the intraparticle!di}usion problem[ The
presentation begins with the interparticle!di}usion which
depends on the particle!size distribution of the reactants
and determines the amount of reactants available for
chemical reaction[ Then\ the intraparticle!di}usion prob!
lem is presented which gives the reaction rates needed
on the specimen!level model[ Finally\ the treatment of
melting and solidi_cation of the reactants and products
is presented[

1[ Model overview

At the specimen level\ the medium is composed of
particles of species A and B mixed at a specimen!level
mass ratio[ For ðnAŁ and ðnBŁ being the specimen!level
number of moles of A and B\ the global reaction leading
to the equilibrium product C is "in a kmol of CðnŁ!basis#
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ðnAŁA¦ðnBŁB :CðnŁ[ "0#

Here species A and B are pure components\ where
A is a low!melting temperature metal\ and CðnŁ is the
stoichiometric product with composition ðnAŁ atoms of
A and ðnBŁ atoms of B[

For a nonequilibrium process\ the conversion to CðnŁ

may not occur[ At the particle level\ it is assumed that
the reaction between A and B forming C follows the
relation "in a kmol of C!basis#

nAA¦nBB :C[ "1#

Figures 0 and 1 give an overview of the model[ The
model is based on a three!scales treatment\ the specimen!
level scale "specimen dimension L#\ the interparticle!level
scale "interparticle di}usion characteristic length lD½ l#\
and the intraparticle!level scale "intraparticle di}usion
characteristic length ld ½ RB#[ Figure 0 shows a rendering
of the specimen!level and particle!level models[ The speci!
men!level model "specimen!level scale# describes the local
volume!averaged distributions of temperature and mass
concentrations[ The local volume averaging of a vector
or scalar quantity c is de_ned by

ðcŁ �
0
V gV

c dV "2#

where V is the volume of the local representative elemen!
tary volume "e[g[\ a unit cell# ðFig[ 0"c#Ł[

For a combustion front travelling from right to left\
the local volume!averaged distributions of temperature
and mass concentrations vary as rendered in Fig[ 0"a#[
The dashed lines represent the distribution of tem!
perature and mass concentrations for the adiabatic equi!
librium case[ The continuous lines correspond to the case
where complete conversion is not achieved[ Figure 0"c#
presents a rendering of the unit cell[ The unit cell is
assumed to represent the average particle!level behavior
and contains a representative number of all the particle
sizes[ This until cell is the local representative elementary
volume of the specimen\ over which the variables are
volume averaged[ The analysis requires that l ð lF ³ L
where LF is the combustion zone thickness[ In Fig[ 0"c#
it is shown the physical model with the melted reactant
engul_ng the solid reactant[ Reaction occurs by intra!
particle di}usion over the distance ld[ The distance sepa!
rating the melt!rich regions to the melt!lean regions "dis!
tance lD# is of the order of the unit cell characteristic
length l[ Figure 0"c# also shows the geometric model used
for the treatment of the interparticle and the intraparticle
di}usion[ The intraparticle!di}usion model describes the
evolution of the local concentration of the species along
the radius of a single particle "represented as spherical#[
Figure 0"b# shows the transformations of the subunit
cell as the combustion front travels along the specimen[
Figure 1 shows the species distribution along the radius
of the particle and the interfaces dividing the species A\
B\ and C domains[ Figure 1"a# shows a conception of the

intraparticle di}usion for slow di}usion conditions and
Fig[ 1"b# shows the nonequilibrium model used here[ The
phase diagram for the AlÐTi system and its relation to
the particle!level model are also shown[ Both Figs 0 and
1 will be discussed in more detail as the model is
developed[ In the following\ the specimen!level model is
discussed followed by the particle!level model[

2[ Specimen!level model

2[0[ Conservation equations

Here\ it is assumed that the local thermal equilibrium
exists between the phases[ This assumption is based on
the characteristics high thermal conductivity of metals[
Therefore\ although the local heat generation due to reac!
tion and phase!change can be large and concentrated\ the
temperature gradients experienced at the unit cell level
are assumed to be small when compared to the specimen!
level temperature gradients[ No movement of the liquid\
gas\ and solid phases is allowed[ Some of the e}ects of
liquid movement will be further discussed in connection
with the interparticle di}usion model[ The specimen!level
transport equations are obtained from the volume aver!
aging of the local point!wise conservation equations for
mass\ species\ and energy[ In the local volume!averaged
conservation of species equation the specimen!level
di}usion ~uxes are neglected because di}usion of chemi!
cal species is expected to occur in the unit cell scale but
not between unit cells[ The point!wise energy equation is
expressed in terms of enthalpy for the liquid and solid
phases and then volume averaged[ These volume!aver!
aged energy equations are added\ leading to a single
equation for the local volume!averaged enthalpy[ The
enthalpies of the components are then related to tem!
perature through the speci_c heat capacities and the heats
of formation and phase change[ A discussion of the ther!
mal treatment of multiphase systems is given by Whitaker
ð12Ł and Kaviany ð12\ 13Ł and a derivation of the volume!
averaged equations can be found in ð24Ł[

Assuming a quasi!steady propagation of the com!
bustion front at a speed uF\ the conservation equations
are transformed by the following coordinate trans!
formation

x0 � x¦uFt[ "3#

In the moving coordinate x0\ for a constant uF\ the
conservation of species A becomes

d
dx0

uFðrAŁ � ðn¾ r\AŁ "4#

where ðn¾ r\AŁ is the local volume!averaged homogeneous
"volumetric# reaction rate of species A[

If the reaction is assumed to occur between liquid A
and solid B\ the equation for species A\l is
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Fig[ 0[ "a# Rendering of the specimen!level temperature and mass concentration distributions\ "b# variations in the structure of the
subunit cell along the specimen\ and "c# modeling of the nonuniform particle!size distribution\ showing the subunit cells and the
fraction of melted species A which may not reach the species B particles[

d
dx0

uFðrA\lŁ � ðn¾ r\AŁ¦ðn¾ ls\AŁ "5#

where ðn¾ ls\AŁ is the volumetric melting rate of species A[
The consumption of species B and the production of

species C are related to the consumption of A through
their stoichiometric coe.cients ðequation "1#Ł[ Assuming
that C forms in the solid phase\ the conservation of
species C\l depends on the melting rate of C and is given
by

d
dx0

uFðrC\lŁ � ðn¾ ls\CŁ[ "6#

The local volume!averaged energy equation is

d
dx0

ðrŁcpuFðTŁ �
d

dx0

"ðkŁ¦ðkrŁ#
dðTŁ
dx0

¦Dir\Aðn¾ r\AŁ−Dils\Aðn¾ ls\AŁ−Dils\Cðn¾ ls\CŁ

¦
Asahsa

Vs

"Ta−ðTŁ# "7#
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Fig[ 1[ Rendering of the particle!level species A mass fraction distribution for the subunit cell[ "a# Conceptual model for the intraparticle
di}usion\ "b# the nonequilibrium intraparticle!di}usion model\ and "c# the phase!diagram for the titaniumÐaluminum system[

where ðrŁcp is the local volume!averaged volumetric heat
capacity\ ðkŁ is the e}ective thermal conductivity\ ðkrŁ
is the e}ective radiant thermal conductivity\ Dir\A is the
heat of reaction "on a mass of A!basis#\ Dils\A is the heat
of melting of species A "on a mass of A!basis#\ Dils\C is
the heat of melting of species C "on a mass C!basis#\ Asa

is the peripheral surface area of the specimen\ hsa is the
average heat transfer coe.cient between the specimen
and the ambient\ Vs is the local volume of the specimen\
and Ta is the average ambient temperature[

The heat transfer from the specimen to the ambient
"i[e[\ peripheral heat losses# has been modeled as a volu!



A[A[M[ Oliveira\ M[ Kaviany:Int[ J[ Heat Mass Transfer 31 "0888# 0948Ð0962 0954

metric term and the average heat transfer coe.cient
includes the radiation heat transfer[ For a cylindrical
specimen\ Asa:Vs � 3:Ds[

The boundary and inial conditions for equations "4#Ð
"7# are

x0 : −�\ ðrAŁ � ðrAŁn\ ðrBŁ � ðrBŁn\

ðrCŁ � ðrCŁn\ ðTŁ � ðTŁn\ ðrA\lŁ � ðrC\lŁ � 9 "8#

x0 : �\
dðrAŁ
dx0

�
dðTŁ
dx0

�
dðrA\lŁ

dx0

�
dðrC\lŁ

dx0

� 9 "09#

where the subscript n refers to the nonreacted condition
"which is the same as the initial conditions#[

The e}ective transport properties appearing in equa!
tion "7# "i[e[\ ðkŁ and ðkrŁ# need to be measured or
estimated using approximate models ð13Ł[

The combustion front speed uF is an eigenvalue of the
problem and is obtained as part of the solution by the
integration of the A!species equation\ i[e[\

uF �
0

ðrAŁr−ðrAŁn g
¦�

−�

ðn¾ r\AŁ dx0[ "00#

To complete the model\ expressions are needed for the
volume!averaged reaction rate and melting rates[ These
will be provided by the particle!level model[ However\
before presenting the particle!level model\ it is necessary
to obtain expressions for the heat of reaction Dir\A\ heat
of melting of C\ Dils\C\ and the volume!averaged volu!
metric heat capacity ðrŁcp[

2[1[ Thermodynamics

Here\ the enthalpy of the condensed phases is a func!
tion of temperature only[ We consider the formation of
a single product C at the particle level and that Tls\A ³
Tls\C ³ Tls\B[ Also\ we assume that the product C has a
speci_c heat capacity equal to the average speci_c heat
capacities of the reactants\ i[e[\ Dcp � 9 "Newman and
Kopp|s rule ð14Ł#^ the species have the same "and con!
stant# speci_c heat capacities in the liquid and solid
phases "cp\s � cp\l#^ and species A and B are pure sub!
stances "i9f � 9#[ The heat of reaction in a mass of A basis
is then given by

Dir\A �

K

H

H

H

H

H

H

H

H

H

H

k

i9f\C
YAÐC

ðTŁ³Tls\A

i9f\C
YAÐC

−Dils\A Tls\A ¾ðTŁ³Tls\C

i9f\C
YAÐC

−Dils\A¦
Dils\C
YAÐC

Tls\C ¾ðTŁ³Tls\B

i9f\C
YAÐC

−Dils\A¦
Dils\C
YAÐC

−
YBÐC

YAÐC

Dils\B ðTŁ−Tls\B

"01#

where YAÐC � nAMA:"nAMA¦nBMB# and YBÐC � 0−YAÐC

are the mass fractions of species A and B in species C[
For Tls\A ³ Tls\B ³ Tls\C the equations above are changed
accordingly[ Equation "01# can be extended if more than
one product is present[ The fact that the phase change
temperatures have to be accounted for explicitly on the
heat of reaction is the main disadvantage of the tem!
perature form of the energy equation[

The heat of melting of species C is the di}erence
between the enthalpy of the liquid solution of A and B
and the enthalpy of the solid C at Tls\C\ i[e[\

Dils\C � iC\l "Tls\C#−iC\s "Tls\C#

� YAÐCiA"Tls\C#¦YBÐCiB"Tls\C#

¦Dim\C"Tls\C\ YAÐC\ YBÐC#−iC\s "Tls\C#\ "02#

where Dim\C is the heat of mixing "heat of solution# of A
and B at temperature Tls\C and compositions YAÐC and
YBÐC[

Using the same simplifying assumptions listed above\
Dils\C is given by

Dils\C � −i9f\C¦YAÐCDils\A¦Dim\A[ "03#

The liquid solution of metals forming intermetallics is
in general strongly nonideal ð15Ł[ If for lack of speci_c
thermodynamic data we assume an ideal!solution
behavior we have

Dils\C � −i9f\C¦YAÐCDils\A[ "04#

From the volume!averaged equations "4#Ð"7#\ and the
equations for Dir\A and Dils\C\ equations "01# and "04#\ we
observe that there is no net heat generation for T × Tls\C

when the heat of mixing is neglected[
The e}ective volumetric heat capacity is given by

ðrŁcp � s
A\B\C

ðriŁcp\i[ "05#

Under the assumptions stated above\ the e}ective
speci_c heat capacity cp is constant and calculated from

cp � cp\CðnŁ
� YAÐCðnŁ

cp\A¦YBÐCðnŁ
cp\B[ "06#

Also\ ðrŁ is constant and given by

ðrŁ � ðrAŁn¦ðrBŁn¦ðrCŁn[ "07#

Later\ ðrŁ will be related with the initial porosity and
composition of the specimen[

3[ Particle!level model

In the following\ _rst the e}ect of variable particle size
"i[e[\ interparticle di}usion# is considered and then the
intraparticle!di}usion model is discussed followed by the
treatment of the melting of reactants and product[
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3[0[ Interparticle diffusion

Powders are characterized by a nonuniform dis!
tribution of particle size and shape[ The size and shape
of a single particle a}ect the di}usion and reaction
through two mechanisms[ First\ the mass di}usion
depends on the di}usion length and area characteristic
of the particles[ Second\ the amount of heat generated for
a given di}usion length depends on the volume associated
with that di}usion length[ Aris ð16Ł showed that for ste!
ady!state\ di}usion!controlled\ _rst!order homogeneous
reactions the reaction rate for arbitrarily shaped particles
can be described as a function of a characteristic length
equal to the ratio between the volume and the surface
area[ For the case of di}usion!controlled heterogeneous
reactions there is no general shape factor "which can be
easily shown for the quasi!steady approximation#[

Therefore\ in the absence of a general method\ here the
particles are modeled as ellipsoids with semiaxes
a0 � Rmax and a1 � a2 � Rmin "i[e[\ prolate spheroids# and
the characteristic radius is given as the radius of the
sphere with the same volume as the ellipsoid particle\ i[e[\

Ri �"Rmax\iR
1
min\i#0:2[ "08#

The objective of using an ellipsoid is to approximate
the volume of the powder particles because the total
energy released by the chemical reaction\ for complete
reaction\ is proportional to the volume of the particles[
Therefore\ the radius of the sphere with the equivalent
volume satisfy the specimen!level equilibrium conditions[

The nonuniform particle size distribution has two
e}ects[ First\ the volume!averaged reaction rate depends
on the average of the reaction rates for each particle[
Second\ the nonuniform particle size results in non!
stoichiometric distribution of reactants at the particle
level[ The distance separating the A!rich regions from the
A!lean regions may be large and total product conversion
may not be achieved[ To treat the interparticle di}usion
a statistical model\ which incorporates the e}ect of the
particle!size distribution of the high melting!temperature
component\ is developed[ The model is developed for the
case in which the resistance for the interparticle mass
transfer is assumed large[

3[0[0[ Variable particle size
From measurements\ a particle size distribution func!

tion fi ðbased on the radius given by equation "08#Ł is
determined\ where fiDR is the number of particles with
radius between Ri−DR:1 and Ri¦DR:1 divided by the
total number of particles in the sample[ The particle size
distribution "or number fraction# fi is normalized\ i[e[\
SN

i�0 fiDR � 0\ where N is the number of bins in which
the sample is divided "DR is the bin size#[

The ensemble averaging of a quantity ci is given by

c � s
N

i�0

cifiDR "19#

and the total amount of a speci_c property ci is\

c � N s
N

i�0

cifiDR � Nc[ "10#

For instance\ assuming that the reaction rate can be
calculated for each species B particle "with initial radius
RB\i#\ the total reaction rate for the unit cell is

n¾ r � N s
N

i�0

n¾ r\ifiDR � Nn¾ r[ "11#

For the volume of the unit cell given by Vl � Nl2\ the
volume!averaged reaction rate is

ðn¾ rŁ �
n¾ r

l2
[ "12#

Similarly\ if the mass of species A related to each
species B particle is known\ the volume averaged mass
concentration of species A is\

ðrAŁ �
mA

l2
[ "13#

These values of ðn¾ rŁ and ðrAŁ are the ones appearing
in the specimen!level formulation[ The major di.culty in
applying equations "12# and "13# is the determination of
mA[ The nonuniform particle size distribution a}ects the
packing and mixing of the powders and a subunit cell
stoichiometry di}erent from the specimen!level stoi!
chiometry may exist[ The solution for the packing prob!
lem is beyond the scope of this study[ The approximation
assumed here is that species A spreads over the surface
of the B particles as a layer with the same mass\ regardless
of the B particle size[ In order to satisfy the volume
constraint given by equation "08#\ an average species B
particle radius can be de_ned as the radius of the particle
with the average volume\ i[e[\

R2
B\n � s

N

i�0

R2
B\i fiDR\ "14#

where VB\n � 3pR2
B\n:2[

For the specimen!level stoichiometry\ the average mass
of species A for each particle of species B\ mA\n\ is given
by

mA\n �
YAÐðCŁ

YBÐðCŁ
r9

BVB\n[ "15#

Given enough elapsed time at high temperatures\ or by
increasing the interparticle di}usion\ the species A melt
would migrate from the melt!rich to the melt!lean
regions\ causing a complete conversion[ This is equivalent
to a specimen!level equilibrium model[ For large propa!
gation speeds and under the presence of heat losses\ this
liquid migration may not be complete[ For negligible
liquid migration\ the combustion would proceed under
interparticle!level frozen conditions[ It is likely that some



A[A[M[ Oliveira\ M[ Kaviany:Int[ J[ Heat Mass Transfer 31 "0888# 0948Ð0962 0956

amount of interparticle liquid migration occurs in the
time scale of the combustion synthesis of intermetallics[
However\ here we will assume that the resistance to melt
movement is large\ which corresponds to a lower limit
for the conversion[

Neglecting the interparticle di}usion of species A\ each
species B particle can be treated as an isolated system
and represented by a subunit cell\ as depicted in Fig[ 0"c#[
The subunit cells are assumed to have the same specimen
level porosity on[ Note that strictly speaking this assump!
tion would require a redistribution of the porosity around
the particles thus altering the original packing existent in
the unit cell[ An alternative description would assume
that the subunit cells are volumes surrounding each par!
ticle and _tting perfectly inside the unit cell[ The _rst
approach leads to simpler equations and is adopted here[
The characteristic length of the subunit cells li is then
given by

l2
i �

3p

2 00¦
YAÐC\i\nr

9
B

YBÐC\i\nr
9
A
1

R2
B\i\n

0−on

"16#

where\

YAÐC\i\n �
mA\i\n

mA\i\n¦mB\i\n

\ YBÐC\i\n � 0−YAÐC\i\n "17#

where mA\i\n � mA\n and mB\i\n � r9
B3pR2

B\i\n:2[
The initial local volume!averaged concentrations of

species A and B for each subunit cell are

ðrAŁi\n �
mA\i\n

l2
i

\ ðrBŁi\n �
mB\i\n

l2
i

"18#

and the total density\ if the initial concentration of prod!
ucts is zero "no dilution with the _nal product#\ is
ðrŁi\n � ðrAŁi\n¦ðrBŁi\n[

From this initial mass of species A and from the initial
radius of the species B particles\ the reaction rates can be
calculated "as it will be shown later#[ The conservation
of mass equation ðequations "4#Ł is applied for each sub!
unit cell resulting in the local volume averaged con!
centrations of species A for each subunit cell[ The speci!
men level local volume!averaged concentration of species
A is then obtained from the ensemble averaging over all
the subunit cells using equations "19# and "10#[ Anal!
ogously\ the specimen level volume!averaged reaction
rate is obtained from equation "19# and "10# and used in
the specimen level energy equation ðequation "7#Ł[ This
treatment is limited by the practical limits imposed on
the number of subunit cells that can be used "number
of bins used to represent the particle!size distribution
function#[ Because of this\ an average treatment of the
conversion and reaction is desirable[

3[0[1[ Avera`e treatment
The assumption made is that the average intraparticle

di}usion behavior of the unit cell can be approximated
by the intraparticle di}usion behavior of the average

species B particle[ From the interparticle di}usion model
the _nal conversion is determined a priori and the average
mass of species A actually available for reaction is applied
on the surface of the average species B particle[ Thus\ the
equations for determination of the particle!level reaction
rates are applied only to the average species B particle
surrounded by the average species A shell available for
conversion[ This approach is adopted here because of its
simplicity[

The determination of the average mass of species A
available for reaction follows[ Under the assumption of
no interparticle metal migration\ the species B particles
with radius RB\i ¾ RB\n are completely converted to prod!
uct "because of the excess of species A# while those with
Rb\i × RB\n are only partially converted "because of the
lack of species A#[ Thus\ the fraction of species B com!
pletely converted "i[e[\ the volume of species B converted
divided by the total inial volume of species B# is deter!
mined by

FB\c �
VB\c

VB

�

s

N0

i�0

fiVB\iDR¦VB\n s
N

i�N0

fiDR

s
N

i�0

fiVB\iDR

� s

N0

i�0

fi
VB\i

VB\n

DR¦ s
N

i�N0

fiDR "29#

where RB\i ³ RB\n for 0 ¾ i ¾ N0\ and RB\i × RB\n for
N0 ³ i ¾ N[

This fraction approaches one as the distribution func!
tion becomes uniform "monosized particles# and zero
as the spread "standard deviation# of the distribution
function increases[ From the average mass of species A\
mA\n\ the mass of A actually converted is mA\c � FA\cmA\n\
where FA\c � FB\c � Fc[

The characteristic length of the unit cell is given by

l2 �
3p

2 00¦
YAÐðCŁ

YBÐðCŁ

r9
B

r9
A
1

R2
B\n

0−on

[ "20#

The local volume!averaged initial concentrations of
species A and B are
ðrAŁn � FcðrAŁs\ ðrBŁn � ðrBŁs "21#
where the average initial concentrations under stoi!
chiometric conditions are

ðrAŁs �
r9

A"0−on#

0¦
YBÐðCŁ

YAÐðCŁ

r9
A

r9
B

\ ðrBŁs �
r9

B"0−on#

0¦
YAÐðCŁ

YBÐðCŁ

r9
B

r9
A

[ "22#

The determination of the particle!level reaction rate
follows[ This discussion applies equally for each particle
RB\i\ or for the average particle RB\n[

3[1[ Intraparticle diffusion

Here it is assumed that C has the same composition
of CðnŁ[ This assumption is in general valid when the
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specimen!level stoichiometry is rich in the low melting
temperature species A ð18\ 29Ł[

Figure 1 shows the various radii used to identify the
concentric spherical shell layers[ The mass fraction of
elements A and B are YðAŁ � rðAŁ:"rðAŁ¦rðBŁ# and
YðBŁ � rðBŁ:"rðAŁ¦rðBŁ# while the mass fractions of species
A and C are

YA �
rðAŁ−

YðAŁÐC

YðBŁÐC

rðBŁ

rðAŁ¦rðBŁ

\ YC �
00¦

YðAŁÐC

YðBŁÐC1 rðBŁ

rðAŁ¦rðBŁ

"23#

where YðAŁÐC � nAMA:"nAMA¦nBMB# and
YðBŁ−C � 0−YðAŁ−C[

Here\ a simpli_ed treatment of the intraparticle
di}usion is developed\ leading to closed!form solutions
for the reaction and melting rates[ Figure 1"a# shows a
rendering of the intraparticle di}usion[ The extent of the
solid intermetallic layer C\ s depends on the type and
kinetics of nucleation of the solid phase from a saturated
liquid solution of A and B atoms[ There may be for!
mation of a solid layer covering the B particles " for
heterogeneous nucleation# or there may be precipitation
of solid grains in the solid solution "homogeneous
nucleation#[ The solubility of species A on the solid inter!
metallic C\ s may be small and the species B may present
a solubility range for species A\ variable with tempera!
ture[ In the absence of interfacial barriers\ the interfaces
are under local phase equilibrium and at the interface
between the A!rich intermetallic C and particle B other
intermetallic phases may nucleate when the conditions
are appropriate ðthis is the shaded region in Fig[ 1"a#Ł[
Here\ a simpli_ed model is developed\ as shown in Figure
1"b#[ Regarding the product formation\ this treatment
assumes that species C is formed through the di}usion!
controlled heterogeneous reaction of species A and B at
the surface of the species B particle[ Regarding the
di}usion process\ species A and C are assumed to di}use
through the di}usion layer "AÐC layer#[ The solubility of
species A on species B is assumed negligible[ Species C
solid is assumed to have an appreciable solubility of
species A and its interface with the liquid phase is not in
phase equilibrium[ The concentration of species A on the
outside surface of the di}usion layer depends on the
presence of species A[ The melting of species C is dictated
by di}usion and energy requirements[ The AÐC mixture
is assumed liquid for concentrations of species A exceed!
ing the liquids line concentration YA\ls at temperature
ðTŁ\ and solid for smaller concentrations[

Even this simpli_ed model is complicated by the mov!
ing boundary\ the spatially variable density "along the
di}usion layer#\ the di}erence between di}usion
coe.cients for liquid and solid phases\ and the time vari!
ation of the volume!averaged temperature "which a}ects
the di}usion coe.cient#[ In the search for a simple math!
ematical model\ the following approximations are made]
"0# for the AlÐTi system assuming that TiAl2 is formed

at the interface\ the velocity of the RB interface dRB:dt is
about 25) of the di}usion velocity of the A atoms at the
interface VðAŁ "this can be obtained from a mass balance
of species B and from the stoichiometry of the reaction#[
The velocity of the RC interface is proportional to
"RB:RC#1[ When RC � RB\ dRC:dT � VA and it drops to
14) of VðAŁ when RC � 1RB[ Therefore for most of the
regime of interest\ the boundary velocities are a fraction
of the di}usion velocity[ Here\ the e}ect of the boundary
movement on the solution of the di}usion equation is
neglected "it is incorporated later when the particle!level
model is coupled with the specimen!level model#[ This
assumption becomes worse as the molecular weight of
species B increases[ "1# The relation between the mass
~uxes of species A and C at the interface RB is
m¾ C =RB

� −m¾ A =RB
"r9

B−YðBŁÐCr9
C#:YðAŁÐCr9

B[ Assuming that
C is an ideal solution of A and B\
m¾ C =RB

� −m¾ A =RB
fA:YðAŁÐC\ where fA is the volume frac!

tion of A[ For TiAl2\ m¾ C =RB
� −0[06m¾ A =RB

[ With the ideal
solution hypothesis we have dRA:dt � 9 and
m¾ C =RA

� −m¾ A =RA
[ For simplicity\ we then assume that

species A and C counter!di}use and the convective vel!
ocity u is therefore zero[ "2# The density of the di}usion
layer varies from r9

C\ at RB\ to r9
A\ at RA\ which cor!

responds to a 06) variation[ Therefore\ as a _rst
approximation the density of the di}usion layer r is
assumed constant[ Note that later this e}ect will be also
incorporated in the model[ "3# Finally\ the di}usion
coe.cient is assumed constant with time[ Later it will\
however\ be calculated as a function of the volume!aver!
aged temperature[ It is important to observe that the
solution of the complete problem for the closed\ multi!
shell\ spherical system\ with moving boundaries\ spatially
variable density\ and time"temperature#!dependent
di}usion coe.cient requires a numerical solution for the
intraparticle di}usion[ This leads to additional com!
putational time and\ possible\ a small e}ect on the overall
conclusions[ As there are many uncertainties about the
nature of the products formed "solid or liquid phase# and
the mechanisms of product formation "growth of a solid
layer precipitation from a saturated liquid solution# there
is very little justi_cation for the development of a math!
ematically complex model[ The assumptions adopted
here lead to mathematically simple\ _rst!order solutions
which capture the most important aspects of the phenom!
enon[

Therefore\ based on the simpli_cations above\ for a
frame of reference centered on the B particle "which is
assumed static# the di}usion of species A in the AÐC
layer is given by

1YA

1t
�

0

r1

1

1r
r1DAÐC

1YA

1r
"24#

with following initial and boundary conditions

t � 9\ RC � RB¦DRB\ YA � 9 "25#
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t × 9\ r � RC\ YA � YA =Rc
"26#

t × 9\ r � RB\ YA � 9[ "27#

For t � 9\ in order to avoid a singularity\ it is assumed
that the B particles are covered by a small layer DRB of
product[ The di}usion coe.cient DAÐC is assumed to be
an average value for the solid and liquid product layer
and it is modeled as an Arrhenius!type relation ð17Ł\ i[e[\

DA*C � D9 exp 0
−DEa\D

RgðTŁ 1 "28#

where D9 is a di}usion pre!exponential factor\ DEa\D is a
di}usion activation energy\ and Rg is the universal gas
constant[ Here\ it is assumed that both the pre!exponen!
tial factor and the activation energy for the interdi}usion
coe.cient are constant with concentration[

The value of YA at RC depends on the extent of the
di}usion of species A[ We de_ne a primary!di}usion
regime as the regime "space on the moving coordinate x0#
where there is species A available outside the di}usion
layer[ The secondary!di}usion regime is de_ned as the
regime where there is no species A available outside the
di}usion layer and the concentration of species A at
RC diminishes monotonically with respect to time[ The
boundary condition stated by equation "26# is then
restated as

Primary!diffusion re`ime

YA =RC
� 0 "39#

Secondary!diffusion re`ime

1YA

1r bRC

� 9[ "30#

The solution for the primary and secondary regimes is
discussed below[

3[1[0[ Primary!diffusion re`ime
From the discussion above on the di}usion velocity\

for the primary!di}usion regime a quasi!steady solution
is adopted[ Equation "24# then becomes

d
dr

r1 dYA

dr
� 9 "31#

with the boundary conditions given by equation "39# and
"27#[

The solution to equation "31# is

YA �
RC

r 0
r−RB

RC−RB1[ "32#

The local reaction rate is

n¾ r\A � −3pR1
BrDAÐC

1YA

1r bRB

"33#

where r is the average density of the di}usion layer[
Later this average density will be calculated based on the
specimen!level species concentration[

From equation "32#\

n¾ r\A � −3p
RBRC

RC−RB

rDAÐC[ "34#

From equation "12#\ the local volume!averaged reac!
tion rate is then given by

ðn¾ r\AŁ � −
3p

l2

RBRC

RC−RB

rDAÐC "35#

where l2 is either the volume of the subunit cell or the
average volume of the unit!cell[

Note that equation "35# is a function of ðTŁ\ through
the di}usion coe.cient\ and of the local volume!averaged
concentration of the reactants and products\ which deter!
mine RB and RC[ Later the radii RB and RC will be related
to the local volume!averaged concentrations of B and C[

3[1[1[ Secondary!diffusion re`ime
In the secondary!di}usion regime\ a simple solution

for equation "24# subjected to the boundary conditions
given by equations "30# and "27# is obtained using a
_rst!order Kantorovich integral method[ The solution
is assumed as a product of space and time!dependent
functions[ The space!dependent function is assumed to
be parabolic and the coe.cients are determined from the
boundary conditions[ The di}usion equation is inte!
grated between RB and RC and the convective ~ux due to
the movement of the interface at RC is neglected "when
compared to the di}usion ~ux#[ The _nal equation is
obtained matching the mass of species A\ as predicted
for the beginning of the secondary!di}usion regime\ with
the mass of species A predicted at the end of the primary!
di}usion regime[ This gives

YA �
2
p

mA\D

r

"r−RB#"R1
C−RBr#

r1"RC−RB#1"3R2
C−RBR1

C−1R1
BRC−R2

B#
[

"36#

From equation "12#\ the local volume!averaged reac!
tion rate is

ðn¾ r\AŁ �

−
01

l2

RB"RC¦RB#

"RC−RB#1"3R1
C¦2RCRB¦R1

B#
mA\DDAÐC[ "37#

In the secondary!di}usion regime all the species A is
inside the di}usion layer[ So\ from equation "24# we can
express mA\D as

mA\D � l2ðrAŁ[ "38#

Therefore\ equation "37# can be restated as

ðn¾ r\AŁ �

−01
RB"RC¦RB#

"RC−RB#1"3R1
C¦2RCRB¦R1

B#
ðrAŁDAÐC[ "49#

Equations "35# and "49# could be interpreted as\ re!
spectively\ a zeroth!order and a _rst!order reaction kin!
etics if the terms containing the radii could be assumed
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constant for some conditions[ However\ in general the
various radii that de_ne the unit cell are functions of the
local volume!averaged concentrations and change along
x0\ as it is shown next[

3[1[2[ Couplin` of particle! and specimen!level models
From the local volume!averaged concentrations of A\

B and C\ for any instant of time "or distance along x0#
RB and RC are determined from

RB � 0
2
3p

l2ðrBŁ
r9

B
1

0:2

\ RC � 0R2
B¦

2
3p

l2ðrCŁ
ðrCŁAÐC1

0:2

"40#

where ðrCŁAÐC is the local volume!averaged density of
component C in the AÐC "di}usion# layer[

To identify the transition from the primary! to the
secondary!di}usion regime the mass of species A avail!
able outside the di}usion layer mA\F is monitored[ For
the primary!di}usion regime the total mass of species A
present in the unit cell\ mA\ is determined from

mA � l2ðrAŁ � mA\D¦mA\F[ "41#

The mass of species A di}used during the primary!
di}usion regime is determined by integration of equation
"32#\ i[e[\

mA\D � 1
2
prRC"1R1

C−RCRB−R1
B#[ "42#

Then\ mA\F is determined from equation "41#[ The pri!
mary!di}usion regime ends when there is no species A
available outside the di}usion layer[

The local volume!averaged density of the di}usion
layer r 0 ðrŁAÐC is determined from

r 0ðrŁAÐC �
0

ðYCŁAÐC

r9
C

¦
ðYAŁAÐC

r9
A

\ "43#

where ðYiŁAÐC is the local volume!averaged mass fraction
of component i in the AÐC "di}usion# layer[ ðYAŁAÐC and
ðYCŁAÐC are determined from the mass of species A and
C inside the di}usion layer\ if RB and RC\ are known[ RB

and RC are calculated from equation "40#\ where RC is a
function of ðrŁAÐC through

ðrCŁAÐC � ðYCŁAÐCðrŁAÐC[ "44#

Therefore\ through an iterative procedure\ both ðrŁAÐC

and the geometry of the unit cell can be determined as a
function of ðrAŁ\ for a given stoichiometry and initial
particle size[

3[2[ Phase chan`e

Melting of species A is assumed to occur at ðTŁ � TA\ls[
Assuming that enough energy is generated from the
chemical reaction "that is one of the requirements for

propagation#\ the melting rate of the species A is given
by

ðn¾A\lsŁ � −uF

ðrAŁ
Dx0

"45#

where Dx0 is the size of the control!volume where the
melting takes place[ In the limit of Dx0 : 9\ the melting
of species A takes place at the interface between the liquid
and solid phases\ instead of volumetrically[ For this limit\
the energy equation requires a jump condition\ between
the liquid and solid phase domains[

The phase change of the product C is modeled as a
di}usion!controlled regime followed by an energy!con!
trolled regime[ At a given time "or a location on the
transformed coordinate#\ the temperature of the unit cell
is ðTŁ and the mass concentration of species A\ ðrAŁ\
determines the YA distribution within the di}usion layer
ðeither given by equation "32# or equation "36#Ł[ From
ðTŁ\ the atomic concentration of species A on the
liquidus line YðAŁ\ls is determined from the phase diagram
and YA\ls is obtained from equation "23#[ In the di}usion!
controlled regime\ it is assumed that the product layer is
in the liquid state when YA × YA\ls and in the solid state
otherwise[ The position of the interface between the solid
and the liquid products is determined from equation "32#
and "36#\ by setting YA\ls � YA[ This gives

Primary!diffusion re`ime

RC\l �
RCRB

YA\lsRB¦"0−YA\ls#RC

"46#

Secondary!diffusion re`ime

0
RC\l

RC 1
1

−$
1YA\ls

YA =RC

¦0
RB

RC

¦
RC

RB1 00−
YA\ls

YA =RC
1% 0

RC\l

RC 1
¦0 � 9 "47#

where YA =RC
is the local mass fraction of species A at rC

as determined from equation "32# or "36# and equation
"47# is valid for YA =RC

× YA\ls[ From a mass balance of
species C between RC and RC\l\ the mass of C\l\ mC\l is
given by

Primary!diffusion re`ime

mC\l �
1
2

pr
R2

C¦1R2
C\l−2RCRC\l

RC−RB

"48#

Secondary!diffusion re`ime

mC\l �
3pr

2
"R2

C−R2
C\l#−mA\d

×&
2RB"R3

C−R3
C\l#−3"R1

C¦R1
B#

×"R2
C−R2

C\l#¦5RBR1
C"R1

C−R1
C\l#

"RB−RC#1"R2
B¦1RCR1

B¦R1
CRB−3R2

C#'[ "59#
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Finally\ the product melting rate is obtained from

ðn¾C\lsŁ �
uF

l2

dmC\l

dx0

[ "50#

A similar procedure ðequations "45# and "50#Ł\ but
under strict equilibrium conditions\ is used by Nekrasov
et al[ ð06Ł and Smolyakov et al[ ð07Ł to obtain the product
melting rate[

When YA =RC
¾ YA\ls\ the product layer behaves as a

pure substance[ In this case\ the phase change becomes
energy controlled[ For the energy!controlled regime\ two
possible solidi_cation paths are possible[ If enough
energy is generated by the reaction\ the local volume!
averaged temperature would follow the liquidus line tem!
perature\ and the amount of liquid is obtained from the
energy equation and the species conservation equations
rearranged as

Dils\CuF

dðrC\lŁ
dx0

� −
d

dx0 $ðrŁcpuFðTŁ−"ðkŁ¦ðkrŁ#
dðTŁ
dx0 %

¦Dir\AuF

dðrAŁ
dx0

−Dils\AuF

dðrA\lŁ
dx0

¦
Asahsa

Vs

"Ta−ðTŁ#[ "51#

In the case when not enough energy is available\ the
solidi_cation would happen instantly where ðTŁ � Tls

and the solidi_cation rate is given by

ðn¾C\lsŁ � −uF

ðrC\lŁ
Dx0

[ "52#

The _rst case "equation "51## occurs for large rates of
interparticle di}usion or uniform particle!size distribu!
tion[

4[ Conclusions

A three!scale\ particle:level:specimen!level treatment
is applied to the gasless compacted!powder combustion
synthesis[ The specimen!level treatment is based on the
local volume!averaged equations for species and energy[
The particle!level treatment assumes that the product
is formed through a di}usion!controlled heterogeneous
reaction at the surface of the high melting temperature
reactant[ The interparticle di}usion is modeled with two
regimes] an initial primary!di}usion regime followed by
a slower secondary!di}usion regime[ The availability of
reactants depends on the interparticle di}usion from the
melt!rich regions to the melt!lean regions and this trans!
port is in~uenced by the particle!size distribution[

The nonuniform particle!size distribution has two
e}ects[ Initially\ since the chemical reaction is di}usion
controlled\ particles of di}erent sizes experience di}erent

reaction rates and temperature evolution\ thus\ in~u!
encing the specimen!level temperature distribution and
propagation speed[ The average reaction rate can then
be calculated from the ensemble averaging of the reaction
rates for each particle size\ or approximated by the reac!
tion rate of a particle with the average size[ The second
e}ect is related to the local availability of the reactants[
A heterogeneous distribution of reactants changes the
local stoichiometry and the distance separating the melt!
rich regions from the melt!lean regions ðdistance lD in
Fig[ 1"a#Ł may be large[ The peripheral heat losses\ would
then prevent the timely migration of the melted reactant[
Here we have assumed a large resistance for interparticle
mass transfer and\ as a result\ the _nal conversion is
determined a priori[

This possible lack of complete conversion has a strong
e}ect on the maximum temperature and the propagation
speed[ During the time scale characteristic of the com!
bustion of intermetallics some liquid migration is
expected to occur[ The modeling of this interparticle
di}usion requires descriptions of the spatial distribution
of melt!rich and melt!lean regions\ the transport mech!
anism "potential and transport coe.cients#\ and the path
for the transport[ Both the potential and the transport
coe.cient may be strongly temperature dependent[ These
aspects of the interparticle!di}usion are not treated here[
We plan to include the _nite interparticle di}usion as a
follow up[ The combined e}ect of the secondary!di}usion
regime and the interparticle!di}usion would extend the
thickness of the reaction region and may explain the
{burn!out| phenomena reported in the literature ð01Ł[

Melting of the product follows the phase!equilibrium
conditions and is characterized by a di}usion!controlled
regime followed by an energy!controlled regime[ The
melting or solidi_cation of products is an additional
mechanism for redistribution of heat in the combustion
zone\ thus a}ecting the propagation speed and maximum
temperature[

Another aspect not treated here involves the formation
of intermediate compounds[ The conversion to the _nal
product may be preceded by the formation of inter!
mediate compounds\ depending on the system and on the
specimen!level stoichiometry "Kachelmeyer ð10Ł#\ e[g[\
when specimen!level stoichiometries rich in the high!
melting temperature component are used[ The formation
of compounds at the interface between two phases
depends on the thermodynamic equilibrium conditions
and on the kinetics of nucleation and growth of the new
phase[ There are in turn a}ected by the atomic di}usion
at the interface "Hoyt and Brush ð20Ł\ Ma et al[ ð21Ł#
making it possible the formation of metastable phases
and the equilibrium product may not be formed during
the time!scale of the combustion front propagation[ The
formation of intermediate compounds was not addressed
here[ The model developed by Hodaj and Desre� ð22Ł
based on the critical gradient concept "9c#c could be
possibly used to model the product formation[
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In a follow!up article "Part II\ Oliveira and Kaviany
ð23Ł# this model will be applied to the titaniumÐaluminum
system with specimen!level composition corresponding
to TiAl2[
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